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We study four optimal control problems for an electrically con-
ducting fluid. The control is the (normal) electrical current on the
boundary of the flow domain. The objectives are to match a desired
velocity field, or to match a desired electrical potential field, or to
minimize the potential gradient, or to minimize the vorticity in the
flow domain. We develop a systematic way to use the Lagrange
multiplier rules to derive an optimality system of equations from
which an optimal solution can be computed. Mixed finite element
methods are used to find approximate solutions for the optimality
systems of equations that characterize the optimal controls. A direct
method and an iterative method are proposed for solving the dis-
crete, nonlinear optimality systems of equations. Numerical results
for several examples are presented. © 1996 Academic Press, Inc.

1. INTRODUCTION

The control of electrically conducting flows for the pur-
pose of achieving some desired objective is crucial to many
technological applications such as fusion technology, de-
sign of novel submarine propulsion devices, and modeling
of nuclear reactors or molten metal string. In this paper
we study four control problems for a steady, electrically
conducting fluid. We cast these problems as constrained
optimization problems, namely that of computing the elec-
tric current on the flow boundary that minimizes appro-
priate cost functional relevant to the physics of the flow.
The first problem involves driving the fluid velocity u to
a desired velocity u, in the flow domain. The second and
third one involves, respectively, matching the electric po-
tential ¢ to a desired one or minimizing the potential gradi-
ent in the flow region. The fourth one is motivated by the
fact that irrotational flows incur low energy dissipation;
therefore we consider the minimization of total vorticity
in the flow.
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The methods proposed in this paper are applicable to
more general optimal control problems in viscous incom-
pressible flows with various types of controls than the par-
ticular problems studied in this paper.

Optimal control and optimization for MHD flows have
been the subject of extensive research in the literature.
Most notably there are well-established bodies of literature
on optimization of liquid-metal MHD in the following
areas: the optimal choice of positions and electric currents
for AC induction coils in order to achieve a desired free-
surface shape in electromagnetic levitation of liquid-metal
droplets; the optimal positioning of AC coils and magnetic
shields in the continuous casting of aluminum and other
metals in order to achieve the melt flow free-surface stabil-
ity needed for optimum solid structure; the shaping of a
nonuniform magnetic field applied during the growth of
semiconductor crystals in order to achieve uniform crystal
properties and the design of fusion reactor cooling systems
by properly choosing the geometry and conductivity of the
ducts in order to optimize the thermalhydraulic perfor-
mance of the reactor. However, as far as we know, only
recently did scientists and mathematicians began to study
rigorously such mathematical properties as the existence
and smoothness of optimal solutions, the existence of La-
grange multipliers when the Lagrange multiplier approach
is used, and the convergence and error estimates for vari-
ous approximation methods used to find optimal solutions;
some of these mathematical results can be found in, e.g.,
[1, 4-6]. Reference [1] contains both rigorous and formal
mathematical proofs and lists many open (mathematical)
problems, some of which still remain open. Despite the
lack of rigorous mathematical proofs and justifications for
every detail, scientists and engineers have, as mentioned
previously, applied successfully various optimization tech-
niques to solve practical optimal control problems in
MHD. Various numerical methods have been developed.
The purpose of this article is: first, to develop a systematic
(formal) procedure for solving numerically optimal control
problems for MHD flows—this formal procedure we hope
is easier to follow by nonspecialists; second, to establish
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some test examples for optimal control of MHD flows; and
third, to demonstrate the effectiveness of optimal control
and some numerical methods. Rigorous error estimates for
the numerical methods used in this paper will be presented
elsewhere; see [6] and forthcoming work by the authors.
We also point out that, although the numerical examples
presented in this article are mostly of an academic nature,
they serve the purpose of demonstrating the possible appli-
cations of the optimal control methods in more compli-
cated, industrial situations.

We now give an outline for the rest of the paper. In
the remainder of this section, we will first describe the
governing equations and boundary conditions for the type
of electrical conducting fluid that we will deal with and
then state the optimal control problems that we will study.
In Section 2, we introduce a variational formulation of the
constraint equations; we then develop a systematic way of
using Lagrange multiplier rules to derive an optimality
system of equations for the constrained minimization prob-
lem. In Section 3, we define finite element approximations
of the optimality system of equations. In Section 4, we
discuss solution techniques for the optimality system. In
Section 5, we summarize useful mathematical results and
error estimation results. In Section 6, some numerical re-
sults are presented. Finally in Section 7, we make some
brief concluding remarks.

1.1. Governing Equations for an Electrically
Conducting Fluid

The dimensionless equations governing the steady in-
compressible flow of an electrically conducting fluid in the
presence of a magnetic field are given by

%(H'V)u= —Vp+(j><B)+%Au+f in Q,

V-u=0 in(),
j=-Vo+ (uxB) inQ,
V-j=0 inQQ,
VXB=R,j in{),
V-B=0 in Q,

where u denotes the velocity field, p is the pressure field,
j is the electric current density, B is the magnetic field,
and ¢ is the electric potential. Also, N is the interaction
number, mis the Hartmann number,and R, is the magnetic
Reynolds number. We denote by () the flow domain which
is a bounded open set in R? or R* with a boundary T'.
Although the problems and the methods to be studied
in this paper are applicable to the optimal control for
general models of magnetohydrodynamic flows, purely for
the simplicity of explaining the ideas, we will deal with a
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special case in which the externally applied magnetic field
is undisturbed by the flows. In particular, we assume that
B is given. Such an assumption can be met in a variety of
physical applications, e.g., in the modeling of electromag-
netic pumps and the flow of liquid lithium for fusion reactor
cooling blankets [12, 13].

Note that if the flow is two-dimensional, our convention
in this paper is that the applied magnetic field B is perpen-
dicular to the flow plane, i.e., B = (0, 0, B(x, y))T, and that
the cross product u X B is understood as (uq, u,, 0)T X
(0,0, B(x, y))".

By eliminating j we arrive at the following simplified
system (see [8]):

—#All-!—%(U'V)u—I—Vp—(BXV¢)—(uXB)XBZf

in Q, (1.1)
V-u=0 inQ, (1.2)

and
—Ap+V-(uxXB)=0 inQ. (1.3)

In (1.1)-(1.3), B and f are given data.
The system (1.1)—(1.3) is supplemented with boundary
conditions

u=0 onl (1.4)

and

a—(ﬁ:
o, — 8 on r, (1.5)

where g denotes the only control variable, namely, the
normal electric current on I'. Such a control can be effected
by attaching electric sources with adjustable resistors to
the electrode along the flow boundary. Although a normal
electric current control is physically somewhat artificial
(this could be achieved in practice only by insulating differ-
ent small parts of an electrode from each other), it is mathe-
matically more convenient than an electrical potential con-
trol. The techniques to treat normal electric current
controls are applicable to treat other types of controls; and
the solutions with a normal electric current control do
indicate the behavior to expect in general. See [7] for the
use of this type of boundary conditions.

1.2. Optimal Control Problems

Our goal is to try to obtain a desired flow field by appro-
priately choosing the control—the normal electric current
on I'. Specifically we will investigate the following cases:
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matching a desired velocity field, matching a desired poten-
tial field, minimizing the potential gradient, or minimizing
the vorticity. Mathematically, these tasks can be described,
respectively, by the following optimal control setting: mini-
mize the cost functional

, _1 a2 [ 2
K(a,¢,p,g) = %% L) [u —uy?>dQ + 2jr lg|?dl’, (1.6)
or
/ -1 b N T
AW bp.g) =5 [ 16— daP a2+ 2 [ [gPar, (17)
or
. 1 5
N bpg) =5 [ VePaa+ S | lgPar, (18)
or

o 1 0
V(. gp.g) =5 |, leurlu2d + 2 [ [gPdr. (19)

subject to the constraints (1.1)—(1.5). Here ¢ > 0 and § >
0 are positive parameters that adjust the relative weight of
the two terms in the functional; u, and ¢, are, respectively,
desired velocity field and potential field.

The minimization of functionals (1.6), (1.7), (1.8), or
(1.9) subject to (1.1)—(1.5) is the special case of the general
optimal control setting

minimize the cost functional .7 (u, ¢, p, g)

_ 5
= 7 (u, ,p) +§jr g ., (1.10)

subject to the constraints (1.1)—(1.5),
where 7 (u, ¢, p) is a functional of (u, ¢, p).

2. A VARIATIONAL FORMULATION OF THE
CONSTRAINTS; AN OPTIMALITY
SYSTEM OF EQUATIONS

The first step in our systematic procedure involves re-
writing the governing flow equations (for the special case
of the electrically conducting fluid mentioned previously)
in a variational form. To this end, we introduce the function
space H'(Q) ={v € LX(Q) : dv/ox; € L*> (Q) fori =1, ...,
d}, where d = 2 or 3; H{(Q) = {v € H(Q) : v|r = O};
L3(Q) = {g € LX(Q) : foqdQ = 0); AY(Q) = HI(Q) N
L3(Q); and H™(Q) = {v € L*(Q) : d/oxg -+ ax €
L*(Q), for all @ = (o, ..., @y) With |a| = m}. Vector-valued
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counterparts of these spaces are denoted by boldface sym-
bols, e.g., H'(Q) = [H'(Q)]".

The variational formulation of the constraint equations
is then given as

seek u € H}(Q), p € L3(Q), and ¢ € H'(Q) such that

[ Vu:vvd+ [ [Vo— (uxB)]- [V (vxB)] d0
+%fﬂ(u-V)u-de—fﬂpV-de (2.1)
=L)f~vdﬂ+frg¢,l/dl“ V(v, ) EHY(Q) X A'(Q)
and

[, av-wd0=0 Vg€ Lj©), (22)

or, equivalently, seek u € H§(Q), p € L§(Q), and ¢ €
A'(Q) such that

%szu:VVdQ_LZ[V(b_(“XB)]'(VXB)dQ

+Hﬂ (u-V)u-vdQ (2.3)

—fﬂpV-deIJQf'de Vv € H)(Q),

[, Vo—@xB)- (V) aa= [ gpar wve i),
(2.4)

and

[,av-wda=0 vqe Li@). (2.5)

Here the colon notation stands for the scalar product on
Rdxd'

The precise mathematical statement of the optimal con-
trol problem (1.10) can now be given as

seek a (u, p, ¢, g) € Hy(Q) X L§(2)
X H'(Q) X LX) such that

J(u, p, ¢, g) is minimized subject
to the constraints (2.3)—(2.5).

(2.6)

Using the Lagrange multiplier principles we may turn
the constrained optimization problem (2.6) into an uncon-
strained one. For general mathematical theories of La-
grange multiplier principles, see, e.g., [11]. The rigorous



322

justification of the use of Lagrange multiplier rules for the
problems studied in this paper will be presented elsewhere;
some related results can be found in [4-5]. To make the
abstract theories in optimal control more amenable to the
derivation of an optimality system of equations, we intro-
duce the following formal procedure: we set 4=
H)(Q) X L3(Q) X AY(Q) X LX) X H)(Q) X L§(Q) X
H'(Q) (i.e., the appropriate spaces for the variational for-
mulation of the constraint equations) and define the La-
grangian functional

\ - P

ZL(wp, .8 p 7.5) =7 (up, ¢+ EJF g*dl
—ijv-v dQ+j Vé — (u X B)]- (u X B) dQ
L[ vu:wvao + [ [Vo - wx B)- (ux B)

—%fﬂ(u-V)u-;udQ+szV-;udQ+fo-;udQ
—fﬂ [Vé — (u X B)]- (Vs) d9+frgsdr

+ jﬂ V-udQ VY(up, o g p1s)EX 2.7)

Note that the Lagrangian is obtained by the cost functional
subtracting the variational form of the constraint equations
tested against the multipliers (m, 7, s) (which are also
termed the adjoint state variables). An optimality system
of equations that an optimum must satisfy is derived by
taking variations with respect to every variable in the
Lagrangian. By taking variations with respect to u, p, and
¢, we obtain

1
Fjﬁv,uvwdﬂ+fﬂ(w><13)-(,L><B)dQ

+%jn (u-V)w- pdQ (2.8)

+%jﬂ(w.V)u~de—j9N-wdQ
= (Z(u,p, ), w) VYweE H)(Q),
[, [Vs = (X B)] - (V) d = (F(w.p. §).7) ¥rE AY(Q),
(2.9)

and
0 oV - pdQ=(7,(u,p,$),0) Yo LjQ), (2.10)

where 7%,, 7, and 7, are the derivatives of the functional
with respect to its three arguments, respectively. By taking
variations with respect to u, 7, and s, we recover the con-
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straint equations (2.3)—(2.5). By taking variation with re-
spect to g we obtain

jr (6gz +zs)dl =0 VzeLXI); ie.,g= —%s.

This last equation enables us to eliminate the control g in
(2.4). Thus (2.3)-(2.5) can be replaced by

%J'QVu:Vde—fQ[Vd)—(uXB)]-(vXB)dQ

1
+Nf“(u-V)u-de—fﬂpQ-de (2.11)

=f“f-vdﬂ Vv € Hi(Q),
JQ[qu—(u><B)]~(V¢r)dQ+(1—sjﬂsdde‘=O vy A1(Q),
2.12)

and

j LaV - ud =0 g€ Li(Q). (2.13)

Equations (2.8)—(2.13) form an optimality system of equa-
tions that an optimal solution must satisfy. We will compute
optimal solutions by solving this system of equations.

3. FINITE ELEMENT APPROXIMATIONS

A finite element discretization of the optimality system
(2.8)—(2.13) is defined in the usual manner. First, one
chooses families of finite dimensional subspaces X" C
H'(Q) and S" C L?*(Q). These families are parameterized
by a parameter 4 that tends to zero; commonly, £ is chosen
to be some measure of the grid size. These finite dimen-
sional function spaces are defined on an approximate do-
main . For simplicity we will state our results in this
section by assuming Q" = Q, which is the case when ( is
a convex polygon in two dimensions or a convex polyhedral
in three dimensions. We set X" = X" N L3(Q), X" = [X"]4,
X¢ = X" N HY(Q),and S = S" N L3(Q). We assume that
as h — 0,

inf |[v— v, —>0 VveHQ),
h

v EX)

inf |v— v} =0 Vve A (Q),
viexh
inf [lg —q"lo—0 Vg€ L§(Q).

thSg

Here we may choose any pair of subspaces X" and S” such
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that X% and S can be used for finding finite element ap-
proximations of solutions of the Navier—Stokes equations.
Thus, we make the following standard assumptions, which
are exactly those employed in well-known finite element
methods for the Navier—Stokes equations. First, we have
the approximation properties: there exist an integer k and
a constant C, independent of 4, v, v, and g, such that

inf [v — v, = Ch"||V]|,n11

A% EXg
WEH™ (Q)NHNQ),l=m=k (3.1)
inf |[v — 0"} = Ch"|[v]|ns1
UIZEXh
Vo€ H"™(Q) N IAQ), l=m=k (32)
inf |lg — ¢"lo = Ch"|gll,n
thSg
Vge H"( Q)N L3(Q),1=m=k. (33)

Next, we assume the inf—sup condition, or Ladyzhenskaya—
Babuska—Brezzi condition: there exists a constant C, inde-
pendent of A, such that

—[,q"V - v"dQ

= C.
V[l llg"llo

inf  sup
0=q"esh o=vhex)

(3.4)

This condition assures the stability of finite element discret-
izations of the Navier—Stokes equations. It also assures the
stability of the approximation of the constraint equations
(2.3)-(2.5) and the optimality system (2.8)—(2.13). For
thorough discussions of the approximation properties
(3.1)-(3.3) and the stability condition (3.4), see, e.g., [2]
or [3]. These references may also be consulted for a catalog
of finite element subspaces that meet the requirements
of (3.1)-(3.4).

Once the approximating subspaces have been chosen,
we seek w" € Xpi, p" € Sk, ¢o" € X", uh € Xpi, 7 € S,
and s" € X" such that

#fnvuhzvvhdﬂ_fnwdﬁ—(u"XB)]'(V"xB)dQ

+%J'Q(uh-V)u"~vth

_szhv.vhdgzjnf-vhdﬂ Vv e X}, (3.5)

[, [V = @B (V) d + 5 [ 5"y ar =0
vyt e X" (3.6)
L} th -u"dQ =0 th S Sﬁ, (3-7)
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LJ \Y h-thdQ+f (W' X B) - (u" X B) dQ)
2o Q L

b [ @ ywe o (3.8)

1
+ NL) (W' V" - ' dQ — Lz Y - whdQ)
= (Z(u", p", ¢"), w") Vwhe XE,
[ [95" = o X B)] - (V%) = (), 1

v e X", (3.9)

and
fﬂ oV - @ dQ = (Z(ul, ph, ¢7), ") Ve' € Sh (3.10)

From a computational standpoint, this is a formidable sys-
tem. In three dimensions, we have a coupled system involv-
ing ten unknown discrete scalar fields. Therefore, how one
solves this system is a rather important question.

4. SOLUTION METHODS FOR THE DISCRETE
OPTIMALITY SYSTEM OF EQUATIONS

We will present two methods for solving the discrete
optimality system of Egs. (3.5)-(3.10). The first one is
Newton’s method for the entire system; the second one is
an iterative method which uncouples the computation of
(3.5)-(3.7) and the computation of (3.8)-(3.10) at each
iteration (the second method is in essence equivalent to a
gradient method in minimization.)

4.1. Newton’s Method

For notational convenience, we will use (U, P, ®, M, T,
S) to denote (u”, p", ¢", u", ™, s"). We will only give
Newton’s method for the special case 7 (u, p, ¢) = 7 (u).
General cases can be treated similarly. Thus Newton’s
method for solving the discrete optimality system (3.5)—
(3.10) is

1. Choose an initial guess (U®, PO, ®©O M@, 7O,
SO);

2. Forn =1,2,..compute (UM, P oW MW, T,
S™) from the following discrete system of equations:

1
— [, FUD: v a0 — [ [VOW — (U™ X B)] - (v X B) d2
+ 1 Uusb .V U® - v dQ
ST RCAR LR
+1 [, -wyuen.viag— [ Py yrao
N Jo Q

= fﬂf vidQ + fﬂ (U V)UCD - vi g0 Wy e XA,
(4.1)
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fﬂ [VO™ — (U™ X B)] - (Vi) dQ + %LS“W dl' =0
vy e X (42)

[ @V uman=0 vqes, (43)
L[ IM© VW dQ + [ (whx B) - (M© X B) d0

b [ U Tywh e ag

[ OO yw Mo g

b [ v myuen - me ag

b [ v U Mo ag - [ 70 wrag

~ (Zau(U U, W)
= (A(UT D), W) = (Zu(UO YU, wh)

0 [, (U Dywh - Mo a0
+ %f LW VU - MDD a0 vwh e Xi, (4.4)

f V8@ — (M@ X B)] - (V) dQ =0 Vr'€ X" (45)
and

f LTV MO0 =0 Vo' € S (4.6)

Under suitable assumptions, Newton’s method con-
verges at a quadratic rate to the finite element solution
(U, P, &, M, T, S). The convergence properties will be
analyzed elsewhere. Quadratic convergence of Newton’s
method is valid within a contraction ball. In practice we
normally first perform a few simple iterations and then
switch to Newton’s method. The simple iterations are de-
fined by replacing equations (4.1) and (4.4) in Newton’s
iterations by

1
=2 j VU™ Ty d0 — f L [VO® — (U X B)] - (v X B) 02

1 n— n
+ 5 [, e U - viao

—L)P(")V-vhdﬂ - L)f-v”dﬂ Vvt € X

and
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1
WJQVM(”):VthQﬂLJQ (W" X B) - (M®™ X B) d)
+ L e vywh Mo g
x ¢ w

1 h n) . pM(n-1 _ (n wh
+Njﬂ(w VYU - MO dQ) L)T V- wh dQ)

= (Z(U D) why why  Vw' e X}

For flow-field matching problems, we use the desired field
as initial data for the corresponding unknown field. This
choice has proven to produce faster convergence, com-
pared with an arbitrary choice of initial data.

4.2. An Iterative Method

We now discuss an iterative method that uncouples the
solution of the constraint equations (2.11)—(2.13) from the
adjoint equations (2.8)—(2.10).

1. Choose (U, PO ®©);
2. Forn =1,2,3, .., compute (M("), T, S(n)) from

1
Wﬁz VM : V" dQ) + jn (W" X B) - (M™ X B) d()
+ L0 e vywh Mo g
x ¢ w

5 [, DU MO a0 — [ TV W

= (Z(UOD), PO Dy why  Wwh e XA (4.7)
[, [78® — (M) x B)]- (V1) d)
= (Z,(UD, pD oDy by yph e §h(4.8)
and
fﬂa”V-M(")dQ
(4.9)

— (Z,(UD, POD_ 90D hy Yot e Sh
and compute (U™, P, ®™ from

1
— (n) . h — (n) — (n)
5 | VU Vv dQ jn [VO™ — (U™ X B)]

1 n n
-(v”XB)dQ—FﬁfQ(U( ) VYU - vt dQ)
— [, POV -viao

= fﬂf-vh dQ W' e XA, (4.10)
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[, ot — (U x B)]- (V¢ d2

+ % fr SO AT =0 Yy € X, (4.11)

[, @' v-umda=0 vq'est (4.12)

Formally this method is equivalent to a gradient method
with unit step-length for minimizing the functional of g:

J(g) = 7(U(g), P(g), D(g), 8)-

Under suitable assumptions, most notably for large param-
eters e and &in the functional, the sequence (U™, P, P,
M®, T §™) converges. We may modify this iterative
method to a variable step-length gradient method which
has better convergence properties.

The main advantage of this method over Newton’s
method is that at each iteration we are dealing with a
smaller size nonlinear system which requires less computer
memory in computation. In our experience, the computing
times for Newton’s method is generally less than this itera-
tive method—e.g., for the inverted backward facing step
example presented in Section 6, the CPU time on a SUN
SPARC20 for Newton’s method was 11 s and the CPU
time for the iterative method was 25 s (the accuracy in
both cases was 107°). Thus our conclusion about the choice
of the two methods is that, whenever the RAM of the
computer is large enough (i.e., no RAM swapping), then
Newton’s method is preferable.

5. SOME MATHEMATICAL RESULTS CONCERNING
THE OPTIMALITY SYSTEM OF EQUATIONS AND
FINITE ELEMENT APPROXIMATIONS

For completeness, we summarize without proof the rele-
vant mathematical results for the constrained minimization
problem and the error estimation results for the finite ele-
ment approximation. The rigorous mathematical proofs
will be presented elsewhere.

First, the system of state equations (2.3)—(2.5) is a well-
posed; i.e., there exists a (u, p, ¢) satisfying (2.3)—(2.5);
furthermore, any solution (u, p, ¢) of (2.3)—(2.5) is
bounded by the data.

Second, there exists an optimal solution (u, ¢, p, g) for
the constrained minimization problem (2.6). In most cases,
the optimal solution is unique.

Third, there exist a triplet Lagrange multiplier (g, 7, 5)
such that the adjoint state equations (2.8)—(2.10) is satis-
fied. This in turn justifies that the optimality system of
Egs. (2.8)-(2.13), which was formally derived by using the
Lagrange multiplier principles, possesses a solution (u, ¢,
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p, M, 7, s). Thus we are justified to find optimal control
solutions by solving the optimality system of equations.

Fourth, concerning the finite element approximations of
solutions of the optimality system of equations, we may
prove that there exists a finite element solution (u”, ¢",
ptoph, T sty e Xt x Stox X' X XE X St x X" for
(3.5)-(3.10); the finite element solution (u”, ¢", p”, u", 7",
s") converges to the exact solution (u, ¢, p, p, 7, s); and
the following error estimate holds:

o ="y +llp = p"lo + Il = ¢'lls + [l — "l
+ |l = 7o + |ls = 5"l = Ch™.

An approximate control can be computed by g = —(1/
8)s". Consequently, the approximate control g” converges
to the exact control g and the estimate ||g — g"{lor =
Ch™ holds.

6. COMPUTATIONAL EXAMPLES

In this section, we report some computational examples
that serve to illustrate the effectiveness and practicality of
optimal control techniques in electrically conducting fluids.
First, we treat the problem of steering the velocity field to
adesired one. The second example deals with minimization
of the potential gradient throughout the domain. In the
third example, we consider the problem of matching the
electric potential to a desired one. In the final example we
attempt to minimize the vorticity in an inverted backward
facing step channel flow. The geometrical domain in the
last example is typically used in assessing CFD algorithms.

All computations are done with the following choice of
finite element spaces defined over the same triangulation
of the domain Q = U K: continuous piecewise quadratic
polynomials for both components of the velocity u” and
adjoint velocity u"; continuous piecewise quadratic poly-
nomials for the potential ¢" and the adjoint potential s”;
continuous piecewise linear polynomials for the pressure
p" and adjoint pressure 7. On each triangle, the degrees
of freedom for quadratic elements are the function values
at the vertices and midpoints of each edge; the degrees of
freedom for linear elements are the function values at the
vertices. Using standard finite element notations and those
introduced in Section 3, we have that

X"={v € C%Q):v|x € P,(K), on each element K},
X" ={v=(v;,0,)T€CQ):v;, € X" i=1,2},
S'={re C%Q):rlx € P,(K), on each element K},

Under these choices of finite element spaces, the veloc-
ity—pressure pair and the adjoint velocity—adjoint pressure
pair are approximated by the Taylor—Hood element pair
[10] which has been shown to satisfy the div-stability condi-
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tion (3.4). Approximation properties (3.1)—(3.3) hold with
k=1

6.1. Velocity Field Matching

The first case we consider is the problem of matching the
velocity field with a desired one by finding an appropriate
boundary current density g, i.e., minimizing (1.6) subject
to (2.3)-(2.5).

The optimality system of equations are given by (2.8)—
(2.13) with

Gl p, 8w =~ [ (0= ug) - wao
and

(Z(w,p, d), 0) =(Fy(w, p, ¢),r) = 0.

The corresponding system of partial differential equa-
tions for (2.8)—(2.13) is given by (1.1)-(1.4),

ip_ 1
o 5s onl,
1 A 1 r 1
2 pts e (Vo) —< (u-V)u+Vr—B X (Vs)
1 1 .
—(WXB)XB—=u=—-u,; in{,
£ &
V-u=0 inQ,
—As+V-(uXB)=0 inQ),
p=0 onT,
and
ﬁ=O onT.
on

The data in the computational example are chosen as
follows: the domain Q = (0, 1) X (0, 1) (i.e., the unit
square), Hartmann number m= 1, the interaction number
N = 1, body force f = (0, 0)T, the desired velocity field

B <cos(277y)[cos(277x) - 1]>
e sin(27x) sin(2my)

and the applied magnetic field B = (0, 0, 1)™. The velocity
is assumed to be zero on the boundary. An optimal solution
is found by solving the above system of partial differential
equations, or (3.5)—(3.10), with the chosen data. The opti-
mal velocity field u” is shown in Fig. 6.1d. The optimal
adjoint potential field s” is shown in Figs. 6.1e (surface
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plot) and f (contour plot). The optimal control g’ can be
gleaned from Fig. 6.1e and the relation g" = —(1/8)s".
Figure 6.1c shows the desired velocity field u,. It should
be noted that the proper choice of the constants € and 6
in the functional plays an important role in obtaining the
best velocity matching. For the computational results
shown in Fig. 6.1, our choice of these two constants were
e = 0.00001 and § = 0.01.

For comparison we also computed an uncontrolled flow
which satisfies Egs. (1.1)—(1.4) with the same data as those
chosen previously and with the additional boundary condi-
tion for the electric potential

(?—d) = cos(mx) cos(my) onT.

an
Figures 6.1a and b show the uncontrolled velocity field u,
and potential field ¢y, respectively.

All the computational results shown in Figs. 6.1 were
obtained with a 10 by 10 triangulation of the unit square.
A nonuniform grid with corner refinements was used. We
see from the figures that optimal control does a very good
job in matching the desired velocity field which has double
circulations. Also, the value of the cost functional for the
optimal solution is reduced by 55%, compared to the value
of the cost functional for the uncontrolled solution.

6.2. Potential Field Matching

The second case we consider is the problem of matching
the electric potential ¢ to a desired distribution ¢,; i.e.,
we minimize functional (1.7) subject to (2.3)—(2.5).

The optimality system of equations are given by (2.8)—
(2.13) with

(Zy(u,p, }), 1) = ijn (¢ — ¢a)r dQ

and

(Za(u, p, $), W) = (Z;(u, p, $), 0) = 0.

The domain is chosen to be a unit square. The Hartmann
number M, interaction number N, body force f, and applied
magnetic field B are chosen to be the same as those in
Section 6.1. The desired potential field is chosen as ¢, =
1.5 — [(x — 0.5)> + (y — 0.5)]. The two parameters in
the functional are chosen as ¢ = 0.002 and 6 = 0.1.

Some numerical results for this example are reported in
Figs. 6.2a—d. We give a brief description of the figures.
Figures 6.2a and b are the desired potential field ¢, and
the optimal potential field ¢", respectively. Figures 6.2c
and d are the contours of potential field ¢" and the contours
of desired potential field ¢,, respectively.

A look at Figs. 6.2a and b reveals that the optimal poten-
tial matches well with the desired potential ¢,. Also, the
value of the cost functional for the optimal solution is
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FIG. 6.1. (a) Uncontrolled velocity field uy; (b) uncontrolled potential field ¢y; (c) desired velocity field u,; (d) optimal control solution: velocity
field u”; (e) optimal control solution: adjoint potential field s”; (f) optimal control solution: contours of adjoint potential field s”.

reduced by 90%, compared to the value of the cost func-
tional for the uncontrolled solution.

6.3. Potential Gradient Minimization

The third case we consider is the problem of minimizing
the electric potential gradient; i.e., we minimize functional
(1.8) subject to (2.3)—(2.5). The optimality system of equa-
tions are given by (2.8)—(2.13) with

., ). == [ V- Vrdo

and
(Za(u, p, $), W) = (71, p, $), 0 = 0.

The domain is chosen to be a rectangle with length 3
and height 1. The Hartmann number »u, interaction number
N, body force £, and applied magnetic field B are chosen

to be the same as in Section 6.1. The two parameters in
the functional are chosen as ¢ = 0.0002 and 6 = 1.

Some numerical results for this example are reported in
Figs. 6.3a—d. We give a brief description of the figures.
Figures 6.3a and b are the uncontrolled potential field
¢ and contours of potential field ¢, respectively. ¢y is
obtained by solving (1.1)—(1.5) with g = cos(mx) cos(my).
Figures 6.3c and d are the optimal potential field ¢ and the
adjoint potential field s”; those were obtained by solving
(3.5)-(3.10). The optimal control g” can be gleaned from
Fig. 6.3d and the relation g" = —(1/8)s".

By minimizing functional (1.8) we wish to obtain a quasi-
uniform potential distribution. The numerical results (in
particular, Fig. 6.3c) demonstrate that the optimal control
did a very good job in achieving this objective. Also, the
value of the cost functional for the optimal solution is
reduced by 90%, compared to the value of the cost func-
tional for the uncontrolled solution.
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FIG. 6.2. (a) Desired potential field ¢,; (b) optimal control solution: potential field ¢"; (c) optimal control solution: contours of potential field

¢"; (d) contours of uncontrolled potential field ¢y.

(a) Uncontrolled potential field ¢; (b) contours of uncontrolled potential field ¢y; (c) optimal control solution: potential field ¢"; (d)

optimal control solution: adjoint potential field s”.

FIG. 6.3.
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6.4. Vorticity Minimization

The last problem we consider is the problem of minimiz-
ing the vorticity in a backward facing step channel flow;
i.e., we minimize the functional (1.9) subject to (2.2)—(2.5).
The optimality system of equations are given by (2.8)-
(2.13) with

(Za(, pr ), W) = i [ (curt wy(eurl w) g

and
C
—
! - ~ \.\ \
\ \ - ~ = \ \\
NN N T
NN \ NN
— , \ ~ Ny
A ~ —~ - - ' \ ~
\ ~ — — — P R -
FIG. 6.4.
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(75, p, b),1) = (F(u, p, $), o) = 0.

The data are chosen as follows. The height of the inflow
(left) boundary is 0.5 and that of the outflow (right) bound-
ary is 1. The length of the very bottom boundary is 5 and
the total horizontal length is 6. We choose the Hartmann
number M = 200, the interaction number N = 1, and the
applied magnetic field B to be the same as in Section 6.1.
The two parameters in the functional are chosen as ¢ =
0.01 and 6 = 1. We assume the inflow and outflow velocities

are parabolic profiles with

o

:
;

R
sy
]

.,,,,,,//////
..//////////

.[ 11/////////
/
)

(a) Uncontrolled velocity field uy; (b) optimal velocity field u”; (c) partial enlargement of Fig. 6.4a; (d) partial enlargement of Fig.

6.4b; (e) optimal control g" along y = 0; (f) optimal control g" along y = 1.
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_(&os—yx1—w
u=

0 ) at the inflow (left) boundary

and
L=y
u= <( 0 ) ) at the outflow (right) boundary;

we assume u = 0 elsewhere on the boundary. For the
electric potential, we assume d¢/dn = 0 at the inlet, outlet,
and the very top and very bottom boundaries; elsewhere
on the boundary (i.e., on the step portion) we assume
¢ = 1. A recirculation appears at the corner region whose
size increases with increasing Reynolds number. The objec-
tive is to reduce recirculation by applying control on the
very top and very bottom boundaries.

For these data, the (computed) uncontrolled solution
(ug, po, ¢o)(with the boundary condition g = 0) is given
in Fig. 6.4a (only the velocity field is shown).

Figure 6.4b gives the velocity field u”" of the optimal
control solution. Figures 6.4c and 6.4d are the blowup of
the uncontrolled and controlled flows, respectively, at the
corner of the backward facing step. Figures 6.4e and 6.4f
are the control distribution on the very top and very bot-
tom boundaries.

By the minimizing functional (1.9) we wish to obtain a
velocity distribution that has minimal vorticity. The numer-
ical results (in particular, Fig. 6.4b) demonstrate that the
optimal control did a very good job in achieving this ob-
jective.

7. CONCLUDING REMARKS

In this paper we studied the numerical computation of
boundary optimal control problems for an electrically con-
ducting fluid. We summarize the main points in this article
as follows:

* we developed a systematic method to convert the opti-
mal control problem into a system of equations (i.e., an
optimality system of equations). The main steps involve
rewriting the governing differential equations into an ap-
propriate variational formulation, forming the Lagrangian
functional in terms of this variational formulation and the
cost functional, and then taking the variations of the La-
grangian functional with respect to each of its arguments;

* we proposed a direct method and an iterative method
for solving the discrete optimality system of equations. Our
discussions of these methods were made for finite element
discretizations. Apparently, these methods are equally ap-
plicable to finite difference, collocation, or pseudo-spectral
discretizations;
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* in view of the fact that the computing time for the
proposed Newton’s method is generally less than that for
the iterative method in solving the discrete optimality sys-
tem of equations, we recommend that Newton’s method
be used whenever the computations can be done without
RAM swapping; and

» we successfully performed numerical computations for
some prototype examples as presented in the figures. Our
work demonstrated the effectiveness of optimal control
techniques in flowfield matchings and in the minimization
of some physical quantities. It turns out that the appro-
priate choice of the parameters ¢ and 6 plays an important
role in obtaining a good matching. A rule of thumb for
choosing € and § is that the product (¢6) be sufficiently
small.

In principle, other types of boundary controls, such as
Dirichlet controls of the electrical potential or Dirichlet
controls of the boundary velocity, can all be treated by the
techniques used in this paper. In practical calculation, the
optimality system of equations for Dirichlet controls in-
volves one more equation defined along the boundary (see,

e.g. [5]).
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